Abstract. We find a relationship between regular embeddings of G, an elementary abelian p-group of order p n , into unipotent upper triangular matrices with entries in F p and commutative dimension n degree 2 polynomial formal groups with nilpotent upper triangular structure matrices. We classify the latter when n = 3 up to linear isomorphism, and use that classification to determine the number of Hopf Galois structures on a Galois extension L/K of fields with Galois group G elementary abelian of order p 3 . We also obtain a lower bound on the number of Hopf Galois structures on a Galois extension L/K when the Galois group is elementary abelian of order p n .
Abstract. We find a relationship between regular embeddings of G, an elementary abelian p-group of order p n , into unipotent upper triangular matrices with entries in F p and commutative dimension n degree 2 polynomial formal groups with nilpotent upper triangular structure matrices. We classify the latter when n = 3 up to linear isomorphism, and use that classification to determine the number of Hopf Galois structures on a Galois extension L/K of fields with Galois group G elementary abelian of order p 3 . We also obtain a lower bound on the number of Hopf Galois structures on a Galois extension L/K when the Galois group is elementary abelian of order p n .
Hopf Galois structures
Let L be a Galois extension of K, fields, with finite Galois group G. Then L is an H-Hopf Galois extension of K for H = KG, where KG acts on L via the natural action of the Galois group G on L. Greither and Pareigis [GP87] showed that for many Galois groups G, L is also an H-Hopf Galois extension of K for H a cocommutative K-Hopf algebra other than KG. The Hopf algebras H that arise have the property that L ⊗ K H ≡ LΓ, the group ring over L of a group Γ of the same cardinality as G. We call Γ the associated group of H.
From [By96] we know that for H a cocommutative K-Hopf algebra, H-Hopf Galois structures on L correspond bijectively to equivalence classes of regular embeddings β : G → Hol(Γ) ⊂ P erm(Γ). Here P erm(Γ) is the group of permutations of the set Γ, and Hol(Γ) is the normalizer of the left regular representation of Γ in P erm(Γ). Then Hol(Γ) is isomorphic to the semidirect product Γ Aut(Γ). A subgroup J of Hol(G) is regular if |J| = |G| and the projection map is a regular embedding if β is 1-1 and β(G) is a regular subgroup, that is, π 1 maps β(G) onto G. The equivalence relation on regular embeddings is by conjugation by elements of Aut(Γ): β ∼ β if there exists γ in Aut(Γ) so that for all σ in Γ, γβ(σ)γ −1 = β (σ). Thus the number e(G, Γ) of H-Hopf Galois structures on L/K where the associated group of H is Γ depends only on Γ and the Galois group G, and reduces to a purely group-theoretic problem.
In his thesis [Fe03] , S. Featherstonhaugh showed that if G and Γ are finite abelian p-groups and p is "large enough", then regular embeddings of G into Hol(Γ) occur only when Γ ∼ = G. In particular this result holds if L/K is Galois with Galois group G = Z n p , an elementary abelian p-group and p > n. Thus to find Hopf Galois structures on L/K, we need to look at equivalence classes of regular embeddings of an elementary abelian p-group G into its holomorph. That is the topic of this paper.
Prior to this work, only the cases where G is of order p or p 2 were known. If G is cyclic of order p, then there is only one regular embedding of G into Hol(G) up to equivalence, represented by the right regular embedding, corresponding to the group ring KG [GP87] . If G is elementary abelian of order p 2 , then there are, up to equivalence, p 2 regular embeddings of G into Hol(G) [By96] .
In this paper we show that there are p 6 +p 5 −p 2 equivalence classes of regular embeddings when G is elementary abelian of order p 3 , and show that there are at least p n(n−1)−1 (p − 1) equivalence classes of regular embeddings when G is elementary abelian of order p n when n < p. For other results on counting Hopf Galois structures on Galois extensions of fields, see [C00, Chapter 2] for 20th century work, and [By03] , [By04] and [C03].
Polynomial formal groups
The memoir [CGMSZ] studied polynomial formal groups, and in particular, commutative, degree 2, dimension n polynomial formal groups. Such a formal group defined over K = F p is a vector of polynomials
n of degree 2, where
F (x, y) = x + y (mod degree 2)
Then (see [CS98]), F (x, y) has the form
and A i j = A j i where i is the ith unit vector (. . . , 0, 1, 0, . . .)
tr . This last equation says that the jth column of A i = the ith column of A j .
Call the matrices A 1 , . . . , A n the structure matrices of F . The best-known example of a polynomial formal group is the multiplicative formal group G m (x, y) = x + y + xy. Henceforth "polynomial formal group" means "commutative, degree 2 polynomial formal group."
If F , F are dimension n polynomial formal groups, then F is linearly isomorphic to F if there exists some P in GL n (F p ) with P F (x, y) = F (P x, P y).
In [CMS98] and [CMSZ98] we classified polynomial formal groups over the valuation ring R of a local field K up to linear isomorphism in dimensions 1 and 2. The study of polynomial formal groups of dimension n in [CS98] focused on generically split formal groups, those polynomial formal groups F over R such that over K, F is linearly ismorphic to G n m . However, not all polynomial formal groups over K are linearly ismorphic to G n m , as we showed in dimension 2 in [CMSZ98], and will see below.
Regular subgroups and regular embeddings
Throughout the rest of the paper, G = Z n p , an elementary abelian p-group of rank n. We view G as a vector space F n p over the field F p of p elements.
Let J ⊂ Hol(G) be a subgroups of Hol(G) ≡ G Aut(G). Then letting π 1 : Hol(G) → G, π 2 : Hol(G) → Aut(G) be the projection maps, we have that π 2 is a homomorphism, but π 1 need not be. The subroup J is regular iff π 1 restricted to J is bijective.
If β : G → Hol(G) is an embedding, set β 1 = π 1 β, β 2 = π 2 β. Then β 2 is a homomorphism, and β is a regular embedding iff β 1 is bijective.
If β : G → Hol(G) is a regular embedding, then β(G) is a regular subgroup of Hol(G). Conversely, if J is a regular subgroup of Hol(G), let β : G → J ⊂ Hol(G) be any isomorphism, then β is a regular embedding. Thus any regular subgroup gives rise to |Aut(G)| regular embeddings.
To understand regular subgroups better, we begin with an observation of Featherstonhaugh [Fe03] .
It is routine to check that the embedding is a homomorphism.
Henceforth, we view Hol(G) as a subgroup of GL n+1 (F p ) via the above embedding.
Let J be a regular subgroup of Hol(G). Then each v in F n p corresponds to a unique element A v 0 1 of J. Then we can define a group structure on F n p induced from J by the projection map π 1 : if we write
and so π 1 (γδ) = π 1 (γ) + π 2 (γ)π 1 (δ). So we set
Two regular subgroups J, J of Hol(G) ⊂ GL n+1 (F p ) are equivalent if there exist some P in GL n (F p ) = Aut(G) so that P JP −1 = J .
Two regular embeddings β, β are equivalent if there exist some P in GL n (F p ) = Aut(G) so that for all σ in G, P β(σ)P −1 = β (σ). If J is a regular subgroup of Hol(G) and β : G → Hol(G) a regular embedding with β(G) = J, then J is a p-group, hence π 2 (J) is a p-subgroup of GL n (F p ), hence we may find P in GL n (F p ) so that P β 2 (G)P −1 is in the p-Sylow subgroup U n of GL n (F p ) consisting of upper triangular matrices of the form I +A where A is strictly upper triangular. Then J is equivalent by conjugation by P 0 0 1 to a regular subgroup of U n+1 , and then β is equivalent by the same matrix to a regular embedding of G into U n+1 . Thus we may and shall assume henceforth that all regular subgroups of Hol(G) are contained in U n+1 , and regular embeddings of G into Hol(G) map G into U n+1 . Note that for γ in J, in order that γ p = 1, we need A p = 0, so to insure this for all nilpotent upper triangular matrices, we shall assume p > n.
Given a regular subgroup J of U n+1 , there exist elements γ 1 , . . . , γ n in J of the form
. . , n, where the matrices A i are strictly upper triangular and satisfy
Proposition 3.2. Let γ 1 , γ 2 , . . . , γ n in U n+1 be as above, with A i strictly upper triangular with A i A j = A j A i and A i ε j = A j ε i , and let Γ = γ 1 , . . . , γ n ⊆ J. If G ∼ = Z/pZ n with generators σ 1 , . . . , σ n , then there is an isomorphism α : G → Γ sending σ i to γ i for i = 1, . . . , n. Hence Γ = J.
Proof. To show that there is a well-defined homomorphism α : G → Γ sending σ i to γ i for all i, we need that γ i γ j = γ j γ i and γ
The conditions A i j = A j i and A i A j = A j A i imply that γ i γ j = γ j γ i for all i, j. One sees easily that
and α is well-defined from G to Γ.
To show α is an isomorphism, it suffices to show that if γ e 1 1 ·. . .·γ en n = 1 with 0 ≤ e i < p for i = 1, . . . , n, then all e i = 0.
To see this, let E r = ε 1 , . . . , ε r . Consider the element γ er r δ with δ ∈ γ 1 , . . . , γ r−1 , then
with A nilpotent in U r and λ in E r−1 , hence τ in E r . If
with ξ ∈ E r , and 
Regular subgroups of U n+1 and formal groups
We now show that equivalence classes of regular subgroups of U n+1 correspond to certain linear isomorphism classes of polynomial formal groups, in such a way that if F corresponds to J, then the group structure on F n p given by * J , that is, induced from J by π 1 , is the same as that defined by + F .
In J we have γ r = I + A r r 0 1 with A r strictly upper triangular and A n r = 0. Hence
Thus we may define a vector of degree 2 polynomials with coefficients in F p by
Then F (x, 0) = x, F (0, y) = y. We also have
. Thus the regular subgroup J yields a dimension n polynomial formal group
Conversely, suppose given a polynomial formal group with structure matrices A 1 , . . . , A n that are strictly upper triangular and n < p. Set
Proposition 4.1. Let J be a regular subgroup of Hol(G) ⊂ U n+1 . Let
A i xy i be the corresponding formal group. Then for all ξ, η in F n p , ξ + F η = ξ * J η, and so π 1 yields an isomorphism from J to (F n p , + F ). Proof. Both * J and + F yield abelian group structures on F n p , and by Theorem 3.2, 1 , . . . , n generate π 1 (J) = (F n p , * β ). If we show that
for all r, δ, then by induction on k,
for all γ, δ in G, and so * J will be the same as + F . Now π 1 (γ r ) = r , so
Hence
as we wished to show.
is an isomorphism. Now we consider equivalence. Two regular subgroups J, J are equiv-
Two formal groups F and F are linearly isomorphic if there exists P in GL n (F p ) so that
and so P :
Proposition 4.3. Let J, J be regular subgroups. Then J and J are equivalent iff their corresponding formal groups are linearly isomorphic.
as follows:
as we wished to show. Conversely, if F = P F P −1 and
are the regular subgroups corresponding to F , F , resp., then to show J = P JP −1 , it suffices to show that the operations * J and * P JP −1 are equal on F n p . For if they are, then denoting the structure matrices arising from P JP −1 by B 1 , . . . , B n , so that
we have, for all i, j,
But then for all i,
That completes the proof.
Putting this all together, we have Theorem 4.4. If p > n there is a bijection between equivalence classes of regular subgroups of Hol(G) ⊂ U n+1 and linear isomorphism classes of commutative dimension n polynomial degree 2 formal groups whose structure matrices A i are strictly upper triangular in U n .
The work in [CS98] focused on dimension n degree 2 polynomial formal groups over the valuation ring R of a local field K that were generically split, that is, linearly isomorphic over K to G n m . Generic splitness is equivalent to F having n degree 1 grouplike elements, elements σ(x) in R[x] of the form
The polynomial formal groups of Theorem 4.4 are at the opposite extreme relative to grouplikes:
Proof. Let θ t = (θ 1 , . . . , θ n ) in K n and let
Then σ is grouplike if
that is,
A i xy i = 1 + θ t x + θ t y + θ t xθ t y,
A i xy i = θ t xθ t y.
Fix k and for each j consider the coefficients of x j y k : since
we have for all j,
which, after applying the transpose map, we can write concisely as
This holds for all k, and so σ = 1.
Classifying regular embeddings
Our approach to determining the number of regular embeddings of G = Z n p into Hol(G) is to seek equivalence classes of regular subgroups of Hol(G). Having found a regular subgroup
} is a subgroup of Aut(G), and the equivalence classes of regular embeddings of G into J are in 1-1 correspondence with the right cosets of S in Aut(G). Hence for given regular subgroup J, the number of equivalence classes of regular embeddings of G into J is |GL n (F p )|/|Sta(G)|.
6. Known cases n = 1. We first consider the case n = 1, known since [GP87] . The only regular subgroup J of U 2 is
The stabilizer Sta(J) is the set of invertible diagonal matrices d 0 0 1 , which is isomorphic to GL 1 (F p ). Hence there is, up to equivalence, a unique regular embedding of G = Z p into Hol(G). The embedding β may be chosen so that if G = σ , then
Thus β(σ r ) = 1 r 0 1 , and the corresponding formal group is the additive group F (x, y) = x + y = G a (x, y). n = 2. The case n = 2 was determined by Byott [By96] , see also [By02] . We redo it by the approach here. Let J be a regular subgroup of U 3 . Then there exists an element in J of the form 
We conclude that the number of regular embeddings of G = Z 2 p into Hol(G) is 1 + (p 2 − 1) = p 2 . Note that since Sta(J 0 ) and Sta(J 1 ) have different orders, J 0 and J 1 are inequivalent regular subgroups, so no regular embedding of G into J 1 is equivalent to a regular embedding of G into J 0 .
The group J 0 yields nilpotent matrices A 1 = A 2 = 0, hence the corresponding formal group is G 2 a . For J 1 we have F (x, y) = x + y + 0 0 0 0
This formal group is linearly isomorphic by P = 0 1 1 0 to the formal group F (x, y) = x + y + 0 0 1 0 xy 1 .
In the notation of [CMSZ98]
, F corresponds to the matrix 0 0 0 1 0 0 .
Over F p , there are four linear isomorphism classes of dimension 2 degree 2 polynomial formal groups, and the isomorphism classes are characterized by their grouplike elements. The formal group corresponding to J 1 has no grouplike elements over any extension of F p . The other three linear isomorphism classes are represented by formal groups with one grouplike element over F p , with two over F p , and with with none over F p but two over the quadratic extension of F p : see [CMSZ98, Corollary 2.4 and Theorem 3.5].
G elementary abelian of order p 3
Let G = Z 3 p . Following the strategy outlined above, in this section we find representatives of equivalence classes of regular subgroups J isomorphic to G inside the subgroup U 4 of GL 4 (F p ) consisting of upper triangular 4 × 4 matrices with diagonal I, and determine the number of equivalence classes of regular embeddings in each of those representative regular subgroups. Theorem 4.4 implies that this problem is equivalent to the determination of the number of linear isomorphism classes of degree 2 dimension 3 commutative polynomial formal groups whose structure matrices are strictly upper triangular To see how linear isomorphism affects structure matrices, suppose F and F have dimension n and F (x, y) = P −1 F (P x, P y). Then P F (x, y) = F (P x, P y), so P (x+y+A 1 xy 1 +A 2 xy 2 +. . .+A n xy n ) = P x+P y+A 1 P xw 1 +. . . A n P xw n where P y = w, and so w j = p j,i y 1 + p j,2 y 2 + . . . + p j,n y n .
Then
A j P xw j = A j P x(p j,i y 1 + p j,2 y 2 + . . . + p j,n y n ) = p j,i A j P xy 1 + p j,2 A j P xy 2 + . . . + p j,n A j P xy n .
Thus for each i = 1, . . . , n we have
and so
Consider, then, a dimension 3 formal group
where A 1 , A 2 , A 3 are strictly upper triangular. If Similarly, the conditions A 1 3 = A 3 1 and A 1 2 = A 2 1 imply that A 1 = 0. From the condition A 2 A 3 = A 3 A 2 we find that cd = 0. We label the formal group with structure matrices A 1 , A 2 , A 3 as above by the tuple of parameters (a, b, c, d) .
We now let the matrix P be an elementary matrix and see how the parameters change under linear isomorphism by P , using the formulas above on how structure matrices change under linear isomorphism. We omit the computations, which are entirely routine. (1, 0, 1, 0). We now identify the group J corresponding to each possibility, and compute the stabilizer of J. We will find that each stabilizer has a different order, so the five groups J are inequivalent, and hence the corresponding formal groups are pairwise not linearly isomorphic.
. 
Thus P is in the stabilizer of J iff the entries of P satisfy
and q and r can be any elements of F p . If d = 0 then the solutions to these last equations are y = 0, z = 0, t = 0, s = z 2 and w, q, r arbitrary, and so
If d = 0, then eliminating s (which must be non-zero) in the equations yields
(
If d = 0 and z = 0 then (1) implies w = 0, hence t = 0 from (2), hence y = ±dw from (1). Since q, r are arbitrary and s = dw 2 , we find
If d = 0 and z = 0 then (2) yields
Multiplying (1) by z 2 and substituting for y 2 z 2 yields
We cannot have dw 2 + z 2 = 0 by (1), hence z 2 = t 2 , and so, from (2), z = t = 0, y = −dw or z = −t = 0, y = dw. In either case, (3) becomes dw 2 + z 2 = 0, but w is otherwise unconstrained. To determine |{P ∈ Sta(J)|z = 0}| we consider two cases:
2 is a square in F p . If d = 1 we have z = 0, t = ±z, w = ±ez, y, s determined, q, r arbitrary, so
If d is a non-square in F p , then z 2 = −dw 2 has no solutions, so we have z = 0, t = ±z, and w arbitrary, y, s determined, q, r arbitrary, so
−1 is a non-square in F p . If d = 1 then z 2 = −w 2 has no solutions, so we have z = 0, t = ±z, and y, s determined, w, q, r arbitrary, and
If d is a non-square, then −d = e 2 , so we must constrain w so that z = ±ew. Thus |{P ∈ Sta(J)|z = 0}| = p 3 (p − 1)2.
Summing up, we have:
If −1 is a square in F p , then:
In case (0, 1, 0, 1),
In case (0, 1, 0, d), d a non-square,
If −1 is not a square in F p , then:
Case ( 
Thus if L/K is a Galois extension of fields with Galois group G, then S is the number of Hopf Galois structures on L/K where the group associated to the Hopf algebra is G.
Proof. We have five equivalence classes of regular subgroups of Hol(G). The number of equivalence classes of regular embeddings of G into each of the five regular subgroups is the order of GL(3, F p ) divided by the order of the stabilizer of the group. Thus we have parameters order of Sta(J)
where J = (0, 1, 0, 1) and J = (0, 1, 0, d), d a non-square, if −1 is a non-square, and vice versa if −1 is a square in F p . Hence the total number of equivalence classes of regular embeddings is the sum of the equivalence classes of regular embeddings into each regular subgroup, namely
G elementary abelian of order p n
In this section we seek a lower bound on the number of Hopf Galois structures on a Galois extension with Galois group G an elementary abelian p group of order p n . Thus we wish to find equivalence classes of regular embeddings of G into Hol(G).
We get a larger number of equivalence classes of regular embeddings of G into Hol(G) by looking at embeddings into regular subgroups J of U n where the stabilizer of J is small. The proof of Theorem 7.2 above shows that, at least when n = 3, the regular subgroup that gives the smallest stabilizer is the group that contains the 4 × 4 Jordan block In this section we extend the case (1, 0, 1, 0) for G of order p 3 to obtain a lower bound on the number of regular embeddings of G = Z Let J be the group of matrices of the form
for a 1 , . . . , a n in F p . Then the last columns of the elements of J have the form       a n a n−1 . . .
We wish to find the stabilizer of J in A(n) = GL n (F p ) 0 0 1 . So we seek invertible n + 1 × n + 1 matrices P = (p i,j ) with p n+1,n+1 = 1 and otherwise all entries in the last row and in the last column are 0, with the property that P M = M P where
Since M is a polynomial in N , it suffices that P N = M P . We first show that if P N = M P , then P is upper triangular. The matrix P has the form
where T 1 = (1) is a 1 × 1 upper triangular matrix. Suppose
where T j is a j × j upper triangular matrix. Now N has the form
where N j is a j × j Jordan block and N j = N n+1−j . Hence
where f (x) is a polynomial in F p [x] with f (0) = 0, and so
If f (N )P = P N for all f (x) with f (0) = 0, then
But if 
The equality P N = f (N )P thus yields, for k = 1, One sees easily by induction that that number is at least p n(n−1) − p n(n−1)−1 , as asserted in Section 1.
